We develop monotone iterative technique for a system of semilinear elliptic boundary value problems when the forcing function is the sum of Caratheodory functions which are nondecreasing and nonincreasing, respectively. The splitting of the forcing function leads to four different types of coupled weak upper and lower solutions. In this paper, relative to two of these coupled upper and lower solutions, we develop monotone iterative technique. We prove that the monotone sequences converge to coupled weak minimal and maximal solutions of the nonlinear elliptic systems. One can develop results for the other two types on the same lines. We further prove that the linear iterates of the monotone iterative technique converge monotonically to the unique solution of the nonlinear BVP under suitable conditions.
Introduction
Semilinear systems of elliptic equations arise in a variety of physical contexts, specially in the study of steady-state solutions of time-dependent problems. See [1, 4, 5] , for example. Existence and uniqueness of classical solutions of such systems by monotone method has been established in [2, 4] . Using generalized monotone method, the existence and uniqueness of coupled weak minimal and maximal solutions for the scalar semilinear elliptic equation has been established in [3] . They have utilized the existence and uniqueness result of weak solution of the linear equation from [1] . In [3] , the authors have considered coupled upper and lower solutions and have obtained natural sequences as well as alternate sequences which converge to coupled weak minimal and maximal solutions of the scalar semilinear elliptic equation.
In this paper, we develop generalized monotone method combined with the method of upper and lower solutions for the system of semilinear elliptic equations. For this purpose, we have developed a comparison result for the system of semilinear elliptic equations which yield the result of the scalar comparison theorem of [3] as a special case. One can derive analog results for the other two types of coupled weak upper and lower solutions on the same lines. We develop two main results related to two different types of coupled weak upper and lower solutions of the nonlinear semilinear elliptic systems.
Semilinear elliptic systems
We obtain natural as well as intertwined monotone sequences which converge uniformly to coupled weak minimal and maximal solutions of the semilinear elliptic system. Further using the comparison theorem for the system, we establish the uniqueness of the weak solutions for the nonlinear semilinear elliptic systems. The existence of the solution of the linear system has been obtained as a byproduct of our main results.
Preliminaries
In this section, we present some known comparison results, existence and uniqueness results related to scalar semilinear elliptic BVP without proofs. See [1, 3] for details.
Consider the semilinear elliptic BVP
where U is an open, bounded subset of R m and u :
is measurable for all u ∈ R and F(x,·) is continuous a.e. x ∈ U. ᏸ denotes a second-order partial differential operator with the divergence form
..,m). We assume the symmetry condition a i j = a ji (i, j = 1,...,m), c(x) ≥ 0, and the partial differential operator ᏸ is uniformly elliptic such that there exists a constant θ > 0 such that
for a.e. x ∈ U and all ξ ∈ R m .
We recall the following definitions for future use. 
If the inequalities are reversed, then α 0 is said to be a weak upper solution of (2.1).
In order to discuss the results on monotone iterative technique, we need to consider the existence and uniqueness of weak solutions of linear boundary value problems. The result on the existence of weak solutions for the linear BVP can be obtained from the Lax-Milgram theorem which is stated below. In the following theorem, we assume that H is a real Hilbert space, with norm · and inner product (·,·), we let ·, · denote the pairing of H with its dual space. 
The following corollary is the special case of Theorem 2.5. 
for some constant M, and the { f k } ∞ k=1 are uniformly equicontinuous, then there exist a sub-
and a continuous function f such that f kj → f uniformly on compact subset of R n .
Main results
In this section, we develop monotone iterative technique for system of semilinear elliptic BVP. The results of [3] will be a special case of our results for the scalar semilinear elliptic BVP.
We first consider the following system of semilinear elliptic BVP in the divergence form
where u : 
A. S. Vatsala and J. Yang 97
In this paper, here and throughout, we assume all the inequalities to be componentwise unless otherwise stated.
In order to develop monotone iterative technique for the BVP (3.1), we need to prove the following comparison Lemma 3.1 relative to the elliptic system
where assumption for ᏸu,
are the same as they are in (3.1).
Lemma 3.1. Let α 0 ,β 0 be weak lower and upper solutions of (3.2) when F :
is quasimonotone nondecreasing in u for each component k and satisfies
Proof. From the definition of weak lower and upper solutions, we get
Since 
We have N such inequalities for k = 1,2,...,N. When we add all N inequalities together, we obtain
From our assumption, the integrand is nonnegative. Hence, the only possibility to keep our inequalities hold true is that the domain of integration is an empty set. Hence, we have α 0 ≤ β 0 a.e. in U.
is an N × N matrix, we have the following corollary for the linear system.
2) and all the assumptions of Lemma 3.1 hold, further let
The next corollary is a special application of Lemma 3.1.
Next, we define two types of coupled weak lower and upper solutions of (3.1). In order to avoid monotony, our main results are developed relative to these two types of coupled weak lower and upper solutions only.
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Definition 3.4. Relative to the BVP (3.1), the functions α 0 ,β 0 ∈ H 1 (U) are said to be (i) coupled weak lower and upper solutions of type I if 
in U and k = 1,2,...,N. We are now in a position to prove the first main result on monotone method for the system of elliptic BVP (3.1). 
14)
for k = 1,2,...,N.
Note. Here and in Theorem 3.8, when we say that ρ,γ are coupled weak solutions means that they satisfy the following variational form: Proof. Consider the linear BVP 
..,N. We want to show that the weak solutions α n ,β n of (3.16) are uniquely defined and satisfy , with p k = 0 on ∂U, and using the monotone properties of f ,g, we get 
We now use the ellipticity condition and the fact that c k (
Since the integrand on the right-hand side belongs to L 2 (U), we obtain the estimate 
Hence, {α k n (x)} is equicontinuous on U. Similarly, we can show that {β k n (x)} is also equicontinuous on U. Then by the AscoliArzela theorem, the subsequences {α k ni }, {β k ni } converge uniformly on U. Since both of the sequences {α k n (x)}, {β k n (x)} are monotone, the entire sequences converge uniformly and weakly to ρ k (x),γ k (x), respectively, on U for k = 1,2,...,N. Therefore, taking the limit as n → ∞ for (3.17), we obtain
Hence, ρ,γ are the coupled weak solutions of (3.1). Finally, we want to prove that ρ and γ are the coupled weak minimal and maximal solutions of (3.1). That is, if u is any weak solution of (3.1) such that α 0 (x) ≤ u(x) ≤ β 0 (x) a.e. in U × R N , then the following claim will be true. For k = 1,2,...,N,
To prove that for any fixed
Using the monotone properties of f ,g, we obtain
Hence, by Corollary 2.6, α k n+1 ≤ u k a.e. in U. In a similar way, we obtain
in U for all n ≥ 1. Now taking the limit of α k n ,β k n as n → ∞, we get (3.27 ). This completes the proof. 
is nonincreasing in each u l for l,k = 1,2,...,N. Assume that the type-I coupled weak upper lower solutions of (3.1) are also the type-I coupled weak upper lower solutions of the new constructed elliptic BVP (3.29), then Theorem 3.5 still can be applied to (3.29) and the solutions of (3.29) will be the solutions for (3.1).
(
is not nonincreasing in some u k components, where
where f k (x,u) is nondecreasing in each u l , g k (x,u) is nonincreasing in each u l for l,k = 1,2,...,N. Assume that the type I coupled with upper lower solutions of (3.1) are also the type-I coupled weak upper lower solutions of the new constructed elliptic BVP (3.30), then apply Theorem 3.5 to (3.30) and get the solutions we need for (3.1).
(iv) Other varieties on the properties of f (x,u), g(x,u) such as f (x,u) is not nondeceasing in every u k component and g(x,u) is not nonincreasing in every u k component, we can always use the idea in (ii), (iii) to solve the new constructed elliptic BVP under suitable assumption of coupled upper and lower solutions for the newly constructed problem.
The following corollary is to show the uniqueness of the solution for (3.1).
Corollary 3.7. Assume, in addition to the conditions of Theorem 3.5, f and g satisfy
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Proof. Since we have ρ ≤ γ, let p k = γ k − ρ k and p k = 0 on ∂U, we get 
where
Then ρ k = u k = γ k is the unique weak solution of (3.1). The proof of Corollary 3.9 follows on the same lines as the proof of Corollary 3.7.
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